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Abstract. We prove that every self-homeomorphism h : K s — > K s on the inverse limit space 
K s of tent map T s with slope s € (a/2, 2] is isotopic to a power of the shift-homeomorphism 
cr !! :K S > /v.. 

Q 

-I— > 

1. Introduction 

The solution of Ingram's Conjecture constitutes a major advancement in the classification of 

1> ' unimodal inverse limit spaces and the group of self-homeomorphisms on them. This conjecture 
IT) ' 

(T) | was posed by Tom Ingram in 1992 for tent maps T s : [0, 1] — > [0, 1] with slope ±s, s G [1, 2], 
^ . defined as T s (x) = min{sx, s(l — x)}. The turning point is c = \ and we denote its iterates by 
c n = T™(c). The inverse limit space K s = hm([Q, s/2], T s ) consists of the core hm([c 2 , Ci], T s ) 
and the 0-composant £ 0) *- e v the composant of the point :=(..., 0, 0, 0), which compactifies 
on the core of the inverse limit space. Ingram's Conjecture reads: 

If 1 < s < s' < 2, then the corresponding inverse limit spaces lim ([0, s/2],T s ) 

H ' 

and hm([0, s /2\, T s r) are non-homeomorphic. 

The first results towards solving this conjecture were obtained for tent maps with a finite 
critical orbit [91 [121 E] ■ Raines and Stimac [11] extended these results to tent maps with a 
possibly infinite, but non-recurrent critical orbit. Recently Ingram's Conjecture was solved 
completely (in the affirmative) in [2], but we still know very little of the structure of inverse 
limit spaces (and their subcontinua) for the case that orb(c) is infinite and recurrent, see 
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Given a continuum K and x G K, the composant A of x is the union of the proper subcontinua 
of K containing x. For slopes s G (v2, 2], the core is indecomposable (i.e., it cannot be written 
as the union of two proper subcontinua), and in this case we also proved [2] that any self- 
homeomorphism h : K s — > K s is pseudo-isotopic to a power <j R of the shift-homeomorphism 
a on the core. This means that h permutes the composants of the core of K s in the same way 
as a R does, and it is a priori a weaker property than isotopy. This is for instance illustrated 
by the sin ^-continuum, defined as the graph {(x, sin^) : x G (0, 1]} compactified with a bar 
{0} x [—1, 1]. There are homeomorphisms that reverse the orientation of the bar, and these 
are always pseudo-isotopic, but never isotopic, to the identity Since such sin ^-continua are 
precisely the non-trivial subcontinua of Fibonacci-like inverse limit spaces [8], this example is 
very relevant to our paper. 

In this paper we make the step from pseudo-isotopy to isotopy. To this end, we exploit so- 
called folding points, i.e., points in the core of K s where the local structure of the core of K s 
is not that of a Cantor set cross an arc. In the next section we prove the following results: 

Theorem 1.1. If s G (V%2], and h : K s -»■ K s is a homeomorphism, then there is R G Z 
such that h(x) = a R (x) for every folding point x in K s . 

Folding points x — (. . . , x_ 2 , x ) are characterized by the fact that each entry belongs 
to the omega-limit set u(c) of the turning point c = |, see [10J. This gives the immediate 
corollary for those slopes such that the critical orbit orb(c) is dense in [02, ci], which according 
to [7] holds for Lebesgue a.e. s G [a/2, 2]. 

Corollary 1.2. If orb(c) is dense in [c2,Ci], then for every homeomorphism h : K s — >■ K s 
there is R G Z such that h = a R on the core of K s . 

The more difficult case, however, is when orb(c) is not dense in [c2, C\\. In this case, h can be 
at best isotopic to a power of the shift, because at non- folding points, where the core of K s is 
a Cantor set cross an arc, h can easily act as a local translation. It is shown in [1] that for tent 
maps with non-recurrent critical point (or in fact, more generally long-branched tent maps), 
every homeomorphism h : K s — > K s is indeed isotopic to a power of the shift. The proof 
exploits the fact that in this case, so-called p-points (indicating folds in the arc-components 
of K s ) are separated from each other, at least in arc-length semi-metric. Here we prove the 
general result. 

Theorem 1.3. If s G (y/2, 2], and h : K s K s is a homeomorphism, then there exists R G Z 
such that h is isotopic to o~ R . 
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The paper is organized as follows. In Section [2] we give basic definitions and prove results 
on how homeomorphisms act on folding points, i.e., Theorem 11.11 and Corollary 11.21 These 
proofs depend largely on the results obtained in [2] . In Section [3] we present the additional 
arguments needed for the isotopy result and finally prove Theorem 11.31 



Let N = {1,2,3,...} be the set of natural numbers and No = N U {0}. The tent map 
T s : [0,1] — > [0,1] with slope ±s is defined as T s (x) = min{sx, s(l — x)}. The critical or 
turning point is c = 1/2 and we write c k = T s fe (c), so in particular c\ = s/2 and c 2 = s(l — s/2). 
Also let orb(c) and oj(c) be the orbit and the omega-limit set of c. We will restrict T s to the 
interval I = [0, s/2]; this is larger than the core [c 2 ,Ci] = [s — s 2 /2, s/2], but it contains the 
fixed point on which the 0-composant €q is based. 

The inverse limit space K s = lim([0, s/2],T s ) is 

{x = (. . . , X-2, x-i,x ) : T a (xi-i) = Xi G [0, s/2] for all i < 0}, 
equipped with metric d(x,y) = J2 n<0 2 n \x n — y n \ and induced (or shift) homeomorphism 

a(. . . , X_ 2 , x ) = (..., x_ 2 , x , T s (x )). 
Let n k : lim([0, s/2],T s ) — > I, ir k (x) = x_k be the fc-th projection map. Since 6/, the 



and h_m([c2, Ci], T s ) is indecomposable. Moreover, the arc-component of coincides with the 
composant of 0, but for points in the core of K s , we have to make the distinction between 
arc-component and composant more carefully. 

A point x = (. . . , x_2, X-x, Xq) G K s is called a p-point if = c for some I G No- The 

number L p (x) := I is the p-leveloi x. In particular, xq = Tf + '(c). By convention, the endpoint 
of (to is also a p-point and L p (0) := oo, for every p. The ordered set of all p-points of the 
composant <£ is denoted by E p , and the ordered set of all p-points of p-level I by E p [ . Given 
an arc A C K s with successive p-points x°, . . . , x n , the p-folding pattern of A is the sequence 



Note that every arc of (Eq has only finitely many p-points, but an arc A of the core of K s can 
have infinitely many p-points. In this case, if (V)i g 2 is the sequence of successive p-points of 
A, then FP P (A) = (L p (u l ))i & i. The folding pattern of the composant do, denoted by FP(€q), 



2. Inverse limit spaces of tent maps and folding points 




FP p (A) :=L p (x°),...,L p (x n ). 
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is the sequence L p (z 1 ), L p (z 2 ), . . . , L p (z n ), . . . , where E p = {z 1 , z 2 , . . . , z n , . . . } and p is any 
nonnegative integer. Let q G N, q > p, and E q = {?/ , y 1 , y 2 , . . . }. Since a q ~ p is an order- 
preserving homeomorphism of €q, it is easy to see that a q ~ p (z l ) = y % for every i 6 N, and 
L p (z l ) = L q {y % ). Therefore, the folding pattern of <£ does not depend on p. 

Definition 2.1. Let (sj)i G N be a sequence of p-points of CCo such that < L p (x) < L p (si) for 
every p-point x G (0, Sj). We call p-points satisfying this property salient. 

Since for every slope s > 1 and p G No, the folding pattern of the 0-composant £o starts 
as oo 1 2 1 and since by definition L p (s\) > 0, we have L p (si) = 1. Also, since 
Sj = cr ?_1 (si), L p (si) = i, for every i G N. Note that the salient p-points depend on p: if 
p > q, then the salient p-point equals the salient g-point Si +p - q . 

A folding point is any point x in the core of K s such that no neighborhood of x in core of 
K s is homeomorphic to the product of a Cantor set and an arc. In [10] it was shown that 
x = (. . . , x_2, X-x, Xq) is a folding point if and only if G w(c) for all k > 0. We can 
characterize folding points in terms of p-points as follows: 

Lemma 2.2. Let p be arbitrary. A point x G is a folding point if and only if there is a 
sequence of p-points (x fc )fc e N such that x k — > x and L p (x k ) — >■ oo. 

Proof. Take m > p arbitrary. Since 7r m (x) G w(c) there is a sequence of post-critical points 
c Ui 7T m (a;). This means that any point y % = (. . . , c ni , c ni+ i, . . . , c ni+m ) is a p-point with 
p-level L p (y l ) = Ui + m — p. Furthermore, for each < j < m, \7fj(y l ) —7Tj(x)\ — > as i — > oo. 
Since m is arbitrary, we can construct a diagonal sequence (x k )ken of p-points, by taking a 
single element from (y 1 )^ for each m, such that sup J<fc \irj(x k ) —iTj(x)\ — > as A; — > oo. This 
proves that x fc — )■ x and L p (x k ) — > oo. 

<^= Take m arbitrary. Since x k — >■ x, also |7r m (x fc ) — 7r m (x)| — >■ and ^(x^) = c n for 
n = L p (x k ) + p — m. But L p (x k ) — >• oo, so vr m (x) G w(c). □ 

A continuum is chainable if for every £ > 0, there is a cover {£ , . . . ,£ n } of open sets (called 
links) of diameter < e such that t Pi £ J 7^ if and only if \i — j\ < 1. Such a cover is called a 
chain. Clearly the interval [0,s/2] is chainable. 

Definition 2.3. We call C p a natural chain of hm([0, s/2],T s ) if 

(1) there is a chain {7^, I p , . . . , I p } of [0, s/2] such that P p := 7r~ 1 (J^) are the links of C p ; 

(2) each point x G Lf =0 T s -l (c) is the boundary point of some link P p \ 

(3) for each i there is j such that T s (I p+1 ) C J^. 
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If maxj \n\ < es~ p /2 then mesh(C p ) := max{diam (£) : i G C p } < e, which shows that 
lun([0, s/2],T s ) is indeed chainable. Condition (3) ensures that C p+ i refines C p (written C p+ i ^ 
C p ). 

We are now ready to prove Theorem 11.11 

Proof of Theorem Let h : K s — > K s be a homeomorphism. Let x,y G K s be folding 
points with h(x) = y. For i 6 H let qi,Pi G N be such that for sequences of chains (C 9i )»eN 
and (C p J ieNo of K s we have 

• • • -< h(c qi+1 ) -< c Pi+1 -< mcj -< c Pi -< • • • -< h(c qi ) -< c pi -< /*(c ff ) -< c p , 

where q = q and p = p. Let (^JieNo be sequence of links such that x G G C Qt , and 
similarly for (^) <eNo . Then ^ C C ^ and /i(^) C Let (s'J <6N be a sequence 

of salient g-points with s' d . — > a; as i — >■ oo. Then for every i there exist jj such that G l x qo 
h{s' d .) G and h(s' d _) — >• y as % — > oo. By [2, Theorem 4.1] the midpoint of the arc 
component A4 of l y n which contains h(s' d , ) is a salient j^-point s'^.. Since s" m0 y G for 
every i and diam l y — > as i — > 00, we have s" mi — >■ y. Since is a salient g-point and 
s' d G s" mi can be also considered as a salient p-point and is also the midpoint of the arc 
component Bi D A{ of t y p which contains h(s' dj ). Therefore, s" m% = s^.+m, where M is as in 
[21 Theorem 4.1]. 

Let R = M — q + p. By [21 Corollary 5.3], does not depend on q, p and M. Since 
<7 fi : K s — >■ X s is a homeomorphism, and since — >• a; as i — > 00, we have cr R (s' d J — » cr^x) 
as i —7- 00. Note that o^fsS. ) = s<l-. + m and s^.+m — > 2/- Therefore ff R (x) = i.e., 

«T fl (x) = /i(x). □ 

Proof of Corollary I Q| If orb(c) is dense in [c2,ci], every point 2 in the core of satisfies 
7Tfc(x) G u;(c) for all fcGN. By [TO], this means that every point is a folding point, and hence 
the previous theorem implies that h = o~ R on the core of K s . □ 

Remark 2.4. A point x G K s is an endpoint of an atriodic continuum, if for every pair of 
subcontinua A and B containing x, either A G B or B G A. The notion of folding point is 
more general than that of end-point. An example of a folding point that is not an endpoint is 
the midpoint x of a double spiral S, i.e., a continuous image of K containing a single folding 
point x and two sequences of p-points 

...y k < y k+1 -< •■■ -< x -< ■■■ -< z k+1 -< z k ... 

converging to x such that the arc-length d(y k ,y k+1 ), d(z k ,z k+1 ) — > as k — > 00. Here -< 
denotes the induced order on S. 
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It is natural to classify arc-components 21 according to the folding points they may contain. 
For arc-components 21, we have the following possibilities: 

• 21 contains no folding point. 

• 21 contains one folding point x, e.g. if x is an end-point of 21 or 21 is a double spiral. 

• 21 contains two folding points, e.g. if 21 is the bar of a sin ^-continuum. 

• 21 contains countably many folding points. One can construct tent maps such that the 
folding points of its inverse limit space belong to finitely many arc- components that 
are periodic under a, but where there are still countably folding points^ 

• 21 contains uncountably many folding points, e.g. if uj(c) = [c 2 , ci], because then every 
point in the core is a folding point. 

This is clearly only a first step towards a complete classification. 

Definition 2.5. Let £°,f, . . . ,£ k be those links in C p that are successively visited by an arc 
A C £ (hence t ^ t +1 , f D f +1 ^ and t = t + 2 is possible if A turns in t Let A i C f 
be the corresponding arc components such that CI A 1 are subarcs of A. We call the arc A 

• p-link symmetric if t = l k ~ l for % — 0, . . . , k; 

• maximal p-link symmetric if it is p-link symmetric and there is no p-link symmetric 
arc B D A and passing through more links than A. 

The p-point of A k l 2 with the highest p-level is called the center of A, and the link i k l 2 is called 
the central link of A. 



3. ISOTOPIC HOMEOMORPHISMS OF UNIMODAL INVERSE LIMITS 



It is shown in [2] that every salient p-point s\ G Co is the center of the maximal p-link sym- 
metric arc Ai. We denote the central link that s\ belongs to by l s p l . For a better understanding 
of this section, let us mention that a key idea in [2] is that under a homeomorphism h such 
that h(C q ) -< C p , (maximal) g-link symmetric arcs have to map to (maximal) p-link symmetric 
arcs, and for this reason h(s m ) € £ s p l for some appropriate m G N (see [21 Theorem 4.1]). 

Lemma 3.1. Let h : K s —> K s be a. homeomorphism pseudo-isotopic to cr R , and let q,p G No 
be such that h(C q ) ^ C p . Let x be a g-point in the core of K s and let & G C p be the link 

1 An example is the tent-map where c\ has symbolic itinerary (kneading sequence) v — 100101 2 01 3 01 4 
01 5 .... Then the two-sided itineraries of folding points are limits of {v)}j>o- The only such two-sided 
limit sequences are 1°° .1°° and {^(l^.Ol 00 ) : j £ Z}. Since they all have left tail ...1111, these folding 
points belong to the arc-component of the point (. . . ,p,p,p) for the fixed point p = j^. This use of two-sided 
symbolic itineraries was introduced for inverse limit spaces in |6|. 
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containing both a p (x) and salient p-point Sj, where I = L p (a R (x)). Suppose that the arc- 
component W x of £p l containing a (x) does not contain any folding point. Then h(x) G W x . 

Proof. Since W x does not contain any folding point, it contains finitely many p-points. Note 
that W x contains at least one p-point since a R {x) G W x is a p-point. Since Co is dense in 
K s , there exists a sequence (Wj)^ of arc-components of t p l such that Wi C C , FP p (Wi) = 
FP p (W x ) for every i G N, and Wj — > W x in the Hausdorff metric. Let (xj) ie pj be a sequence 
of g-points such that for every i G N, L q (xj) = L g (x), x^ — > x and er^Xj) G H^. Obviously 
(xj)jgN C Co 5 ^(^(^i)) — L p (a R (x)) and cx^Xj) — > a R (x). Since /i is a homeomorphisms, 
— >• h(x). It follows by the construction in the proof of [2, Proposition 4.2] that h(xi) G W% 
for every z G N. Therefore G W x . □ 

Corollary 3.2. Let h : K s — Y K s be a homeomorphism pseudo-isotopic to er^. Then /i 
permutes arc- components of K s in the same way as o~ R . 

Proof. Since h is a homeomorphism, h maps arc-components to arc-components. Let 21 be 
an arc-component of K s . Let us suppose that 21 contains a folding point, say x. Then 
= a R (x) implies /i(2l) = 0^(21). 

Let us assume now that 21 does not contain any folding point. There exist q,p G No such that 
h{C q ) ^ C p and that /i(2l) is not contained in a single link of C p . Then 21 is not contained 
in a single link of C q . Let £ g G C g and V G £ g fl 21 be an arc-component of £ g such that V 
contains at least one g-point, say x. Let £ s p l G C p be such that I = L p (a R (x)). Let W C ^ be 
arc-component containing a R (x). Since 21 does not contain any folding point, h(QL) does not 
contain any folding point implying W does not contain any folding point. Then, by Lemma 
EIE1 h(x) G W implying h{%) = a R {%). □ 

Lemma 3.3. Let h : K s — > K s be a homeomorphism that is pseudo-isotopic to the identity. 
Then h preserves orientation of every arc-component 21, i.e., given a parametrization ip : R — >■ 
21 (or ip : [0, 1] — > 21 or y9 : [0, oo) —> 21) that induces an order -< on 21, then x -< y implies 
h(x) -< h(y). 

Proof. Let us first suppose that h : K s — > K s is any homeomorphism. Then, by [2^ Theorem 
1.2] there is an R G Z such that h, restricted to the core, is pseudo-isotopic to o~ R , i.e., h 
permutes the composants of the core of the inverse limit in the same way as a R . Therefore, 
by Corollary 13.21 it permutes the arc- components of the inverse limit in the same way as a R . 

Let 21, 21' be arc-components of the core such that h, a R : 21 — > 21', and let x, y G 21, x -< y. 
We want to prove that h(x) -< h(y) if and only if a R (x) -< a R (y). Since h and a R are 



s 
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homeomorphisms on arc-components, each of them could be either order preserving or order 
reversing. Therefore, to prove the claim we only need to pick two convenient points u, v G 21, 
u -< v, and check if we have either h(u) -< h(v) and a R (u) -< a R (v), or h(v) -< h(u) and 
o~ R (v) -< a R (u). If 21 contains at least two folding points, we can choose it, u to be folding 
points. Then h(u) = a R (u) and h(v) = cr R (v) and the claim follows. 

Let us suppose now that 21 contains at most one folding point. Then there exist q,p £ No 
such that h{C q ) -< C p and g-points u, v G 2t, it -< v (on the same side of the folding point if 
there exists one) such that a R (u) and a R (v) are contained in disjoint links of C p each of which 
does not contain the folding point of 21, if there exists one. 

Let ip,ip k G C p with j = L p (a R (u)) and k = L p (a R (v)) be links containing a R {u) and 
a R {y) respectively. Let W u C t p and W v C £ p k be arc-components containing cr^it) and 
a R (v) respectively. Then W u and W v do not contain any folding point and by Lemma 13.11 
h(u) G W u and h(v) G W v . Therefore obviously h(u) -< h(v) if and only if a R (u) -< a R (v). 

If h is a homeomorphism that is pseudo-isotopic to the identity, then R = and the claim of 
lemma follows. □ 

Corollary 3.4. If h is pseudo-isotopic to the identity, then the arc A connecting x and h(x) 
is a single point, or A contains no folding point. 

Proof. Since h is pseudo-isotopic to the identity, x and h(x) belong to the same composant, 
and in fact the same arc-component. So let A be the arc connecting x and h(x). If x = h(x), 
then there is nothing to prove. If h(x) ^ x, say x -< h(x), and A contains a folding point y, 
then x -< y = fo(i/) -< contradicting Lemma I3~3l □ 

In particular, any homeomorphism h that is pseudo-isotopic to the identity cannot reverse 
the bar of a sin ^-continuum, or reverse a double spiral S C K s , see Remark 12.41 The next 
lemma strengthens Lemma 13.11 to the case that W x is allowed to contain folding points. 

Lemma 3.5. Let h : K s — > K s be a homeomorphism that is pseudo-isotopic to the identity. 
Let q,p G N be such that h{C q ) -< C p . Let x be a (/-point in the core of K s and let £ s p l G C p be 
such that I = L p (x). Let W x C be an arc-component of £ p l containing x. Then h(x) G W x . 

Proof. If does not contain any folding point the proof follows by Lemma [3. II for R = 0. 

Let W x contain at least one folding point. If x is a folding point, then h{x) = x G W x by 
Theorem ll.il If W x contains at least two folding points, say y and z, such that x G [y, z] C W^, 
then G [y, C W x by Corollary E31 
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The last possibility is that x G (y, z) C W x , where z G W x is a folding point, y ^ W x , i.e., y is 
a boundary point of W x , and (y, z) does not contain any folding point. Since £o is dense in K s , 
there exists a sequence (Wi),eN of arc-components of l s p l such that Wj C Co and PVj — )■ (?/, z] 
in the Hausdorff metric. Note that for the sequence of p-points (m^gfj, where is the 
midpoint of Wj, we have rrii — )■ 2; and L p (mj) — » 00. Also, for every z large enough, every Wj 
contains a g-point a;j with L q (xi) = L q (x), and for the sequence of g-points (xi) ie n we have 
Xj —> x. Obviously (xj)j e N C £0 an d L p (xi) = L p (x). By the proof of [2j Proposition 4.2] 
applied for i? = we have h(xi) G VFj for every i. Since ft, is a homeomorphisms, h{xi) — >• ft(a;). 
Therefore, /i(x) G (?/, z) C W x . □ 

Proposition 3.6. Let h : lf a — >• K s be a homeomorphism. If ;? n — >■ z and A n = [z n , /i(z n )], 
then A n — >■ A := [2, ft(z)] in Hausdorff metric. 



Proof. We know that ft is pseudo-isotopic to cr for some i? G Z; by composing ft with a - we 
can assume that R = 0. By Corollary 13 .2[ ft preserves the arc- components, and by Lemma 13731 
preserves the orientation of each arc-component as well. 

Take a subsequence such that A nk converges in Hausdorff metric, say to B. Since x, h(x) G B, 
we have B D A. Assume by contradiction that B 7^ A. Fix q,p arbitrary such that h(C q ) 
refines C p , and such that tt p (B) ^ ft P {A) and a fortiori, that there is a link I G C p such that 
i fl A = and 7r p (^) contains a boundary point of tt p (B). 

Let d n = max{L p (y) : y is p-point in A n }. If D := sup <i n < 00, then we can pass to the chain 
C p+ d and find that all A nk, s go straight through C p+ d, hence the limit is a straight arc as 
well, stretching from x to h(x), so B = A. Therefore D = 00, and we can assume without 
loss of generality that d nk — >■ 00. 

Since the link in £ is disjoint from A but ir p (£) contains a boundary point of tt p (B), the arcs 
A Uk intersects I for all k sufficiently large. Therefore A nk fl i separates x nk from h(x nk ); let 
iy nfc be a component of A nfc fl i between x Uk and h(x nk ). Since vr p (£) contains a boundary 
point of 7T p (B), W Uk contains at least one p-point for each k. Lemma 13.51 states that there 
is y nk G W nk such that h(y nk ) G W nk as well, and therefore x nk -< y nk ,h(y nk ) -< h(x nk ) (or 
yn k x n k ^ fo^g.nk'j h(y nk )), contradicting that ft preserves orientation. □ 



Let us finally prove Theorem 11.31 
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Proof of Theorem ! 1.31 . Fix R such that h is pseudo-isotopic to o~ R . Then a~ R oh is pseudo- 
isotopic to the identity. So renaming a~ R o h to h again, we need to show that h is isotopic 
to the identity. 

If x is a folding point of K s , then h(x) = x by Theorem II. 11 In this case, and in fact for 
any point such that h(x) = x, we let H(x,t) = x for all t G [0, 1]. If h(x) ^ x, then x and 
h{x) belong to the same arc- component, and the arc A = [x, h(x)} contains no folding point 
by Corollary 13.41 By Lemma 12.21 A contains only finitely many p-points, so there is m such 
that 7r m : A — > ix m (A) is one-to-one. In this case, 

H(x,t) = ir~ l \ A [(l -t)lC m (x) + tic m (h(x))]. 

Clearly t H- H(-, t) is a family of maps connecting h to the identity in a single path as t G [0, 1]. 
We need to show that H is continuous both in x and t, and that H(-,t) is a bijection for all 

te [0,1]. 

Let z G K s and (z n ,t n ) —> (z,t). If h(z) = z, then H(z,t) = z, and Proposition 13.61 implies 
that H(z n ,t n ) — > z = H(z,t). So let us assume that h(z) ^ z. The arc A = [z, h(z)} contains 
no folding point, so by Lemma 12.21 for all x G A, there is e(x) > and W(x) G N such that 
B e ( x )(x) contains no p-point of p-level > W(x). By compactness of A, e := vai x eA six) > 
and sup xgA W(x) < oo, whence there is m > p + W such that V := 7T" 1 o n m (A) is contained 
in an e- neighborhood of A that contains no p-point. 

By Proposition 13. 6^ there is iV such that A n C V for all n> N, and in fact ir m (A n ) — > Tr m (A). 
It follows that H(z n ,t n ) -> H(z,t). 

To see that x h-> H(-,t) is injective for all t G [0,1], assume by contradiction that there 
is t ^ [0,1] and x ^ y such that H(x,t ) = H(y,t ). Then x and y belong to the same 
arc-component 21, which is the same as the arc-component containing h{x) and h(y). The 
smallest arc J containing all four point contains no folding point by Corollary 13.41 Therefore 
there is m such that n m : J — > 7r m (J) is injective, and we can choose an orientation on 21 
such that x < y on J, and 7r m (x) < ir m (y). Since t i— >• 7r m o t) is monotone with constant 
speed depending only on x, we find 

n m (x) < ir m (y) <n m o H(x, t ) = n m o H(y, t ) <ir m o h{y) < n m o h(x) 

This contradicts that h preserves orientation on arc-components, see Lemma 13.31 

To prove surjectivity, choose x G K s arbitrary. If h{x) = x, then if (x, t) = x for all t G [0, 1]. 
Otherwise, say if h(x) > x, there is y < x in the same arc-component as x such that h(y) = x. 
The map t h- > H(-,t) moves the arc [y,x] continuously and monotonically to [h(y),h(x)] = 
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[x, h(x)]. Therefore, for every t G [0, 1], there is y t G [y, x] such that H(y t , t) = x. This proves 
surjectivity. 

We conclude that H(x,t) is the required isotopy between h and the identity. □ 
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